IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

High energy graviton scattering in AAS/CFT

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
JHEP06(2009)058
(http://iopscience.iop.org/1126-6708/2009/06/058)

The Table of Contents and more related content is available

Download details:
IP Address: 80.92.225.132
The article was downloaded on 03/04/2010 at 09:14

Please note that terms and conditions apply.



http://www.iop.org/Terms_&_Conditions
http://iopscience.iop.org/1126-6708/2009/06
http://iopscience.iop.org/1126-6708/2009/06/058/related
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

PUBLISHED BY IOP PUBLISHING FOR SISSA

RECEIVED: February 7, 2009
REVISED: May 25, 2009
ACCEPTED: June 2, 2009
PUBLISHED: June 18, 2009

High energy graviton scattering in AdS/CFT

Samuel E. Vazquez

Perimeter Institute for Theoretical Physics,
81 Caroline St. North, Waterloo Ontario N2L 2Y5, Canada

FE-mail: svazquez@perimeterinstitute.ca

ABSTRACT: In this article we show how to set up initial states in N' =4 SYM theory that
correspond to high energy graviton collisions, which by the AdS/CFT duality, lead to black
hole formation in AdSs x S°. For this purpose, we study states in the gauge theory that are
dual to graviton wavepackets localized at the center of AdSs, and carrying large angular
momentum along the S°. These states are created by exciting only the s-wave mode of
one of the complex adjoint scalars of SYM. For a single graviton, the state is 1/2 BPS and
one can show that it is dual to a linearized 1/2 BPS geometry in the bulk. Exploiting this
dictionary, we show how to localize the particle’s wavefunciton so that the dual linearized
metric has the form of a Aichelburg-Sexl shock wave. One can then put two such shock
waves into a head-on collision, which is known to produce a trapped surface. Finally, we
discuss the prospect of studying graviton scattering directly at strong coupling in the gauge
theory using a reduced model of matrix quantum mechanics.
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1 Introduction

Since the discovery of the AdS/CFT correspondence [1], there have been great expectations
that this duality will help us answer deep questions about black hole physics. The reason
is that the gauge theory provides a non-perturbative description of quantum gravity in
the bulk with fixed boundary conditions. In particular, one expects to find a resolution to
the black hole singularity, and a solution to the information loss problem. For the former,
most research has been focused on finding signatures of the eternal black hole singularity
in the gauge theory correlation functions [2]. This has been done exploiting the duality
between the gauge theory at finite temperature, and an eternal AdS-Schwarzchild black
hole in the bulk.

However, one would like to understand the dynamical phenomena of black hole forma-
tion, and its eventual evaporation. For this reason, it is very desirable to understand how
to set up initial states in the gauge theory which are dual black hole forming processes in
the bulk. One way to do this is to study states in N' = 4 SYM theory which are dual to
high energy graviton scattering in the bulk.

Classically, and in flat space, it is known that for energies much greater than the
Planck’s energy, these scattering processes lead to the formation of a trapped surface [3].
This has been shown by superposing two Aichelburg- Sexl shock waves, which represent the
gravitational field of massless particles in flat space [4]. However, quantum mechanically
one needs to be more careful and take into account the wave nature of the particle. This
was discussed in [5].

Scattering processes have also been studied in the context of the AdS/CFT duality in,
for example [6]. However, most of these works have dealt with the problem of particles
coming from the boundary into the AdS bulk. This has various problems. The first is that



the high redshift between the bulk and the boundary makes it hard to focus wavepackets
on small scales. Secondly, since these calculation only involve correlation functions on the
boundary, one is necessarily calculating S-matrix elements. It is desirable to have a precise
state in SYM on R x S3, which we could evolve in time (at least in principle). Finally,
focusing the scattering process into the center of AdS should lead to simplifications since
the whole process is basically taking place in flat space.

Therefore, in this paper we answer the following simple question: what is the SYM
state dual to a Aichelburg- Sexl shock wave for a graviton well localized at the center of
AdS, and traveling along the S°?

Moreover, we show how to superpose two such waves so we get a two-graviton scattering
process in the bulk. We mainly work at zero impact parameter, but other generalizations
are straightforward. We also make sure that the resulting trapped surface is much larger
than the string scale, but much smaller that the AdS radius. Furthermore, we ensure that
the curvature at the trapped surface is small. Finally, we comment on how one should
understand this scattering process at strong coupling and at non-zero impact parameter,
in terms of a quantum model of commuting matrices as in [7].

The organization of the paper goes as follows. In section II, we take a 1/2 BPS
linearized perturbation of AdS5 x S° described by the so-called LLM solution of [8]. These
solutions can be classified by “droplets” on a two dimensional plane. A droplet with the
shape of a unit disk represents the AdSs x S° solution. We then make a small ripple along
the boundary of the unit disk. This represents a massless graviton wavefunction. We then
take the limit of large radius of AdS while focusing on the region near the wavepacket. This
leaves a ten dimensional flat space metric with a linear perturbation of the Aichelburg-Sexl
type. The difference here is that we can now control the spread of the wavepacket, and the
usual delta function in the metric gets replaced with a smeared finite function. This allow
us to control the curvature near the trapped which was an issue discussed in [5].

In section III, we write down states dual to these LLM shock waves using the dictionary
recently developed in [9]. The states are constructed out of the zero mode of one of the
adjoint scalars of SYM theory. We give particular examples of initial states corresponding
to two gravitons separated by a finite distance in flat space, and heading towards each
other with zero impact parameter. We also comment on the generalization for non-zero
impact parameter.

Even though the two graviton state is not BPS, it should be well approximated by a
product of two BPS states (with opposite R-charge) as long as the two particles are well
separated in the bulk. This is analogous to the use of free field theory to define asymptotic
states in interacting quantum field theories.

In section IV we speculate on how one should study these initial states and their time
evolution, at strong coupling. In particular, we argue that the reduced matrix model of [7]
should be sufficient to understand graviton scattering at impact parameters b > El2, where
F is the center of mass energy of the collision.

In section V we close with some final comments and future directions.

Conventions. In this article we will set the ten dimensional Planck’s constant [, = 1.
In these units, the AdS radius is related to the rank of the SYM gauge group N by



R = (47N)Y*. The string length is given by I, = v/ = g~ /4, where g is the closed
string coupling also related to the SYM coupling by 47wg = 9\2(1\/[- We will also introduce
the parameter i = 1/N.

2 The Aichelburg-Sexl metric from IIB supergravity

In this section we will show how the Aichelburg-Sexl metric [4] can be derived from the
1/2 BPS geometries of type IIB supergravity [8]. This metric describes the external grav-
itational field of a point-like massless particle. In fact, our version of the Aichelburg-Sexl
metric will take into account the wave nature of the particle. This will allow us to control
the curvature of the geometry near the region of the trapped surface.

All 1/2 BPS solutions to type IIB supergravity with N units of Ramond-Ramond five-
form flux have been found in [8]. They preserve a bosonic R x SO(4) x SO(4) symmetry
of the ten dimensional space-time. Moreover, they preserve half of the supersymmetries of
the original AdS5 x S°. We will leave the details of this analysis to reference [8]. Here we
will only need the general form of the metric.

It turns out that all solutions are classified by a single function, which we call p, on a

two dimensional plane. The metrics can be written as,

ds® = —h~2(Dt)? + h?(dy? + dzdz) + ye~ 9d0} + yeCd03,
h™2 = 2ycosh G,

1
f= §tanhG,
2 i
oy e, pEL )
f(Z’Z’y) - 2 /d z (|Z—Z/|2+y2)2‘ (21)

Here, we have defined the covariant derivative, Dt = dt +V = dt + %ﬂ_/dz — %iné,
and we are using complex coordinates in the y = 0 plane: z = x1 + ix9,z = x1 — iT2.

1 (2,2 (2 =2
V(z2,y) =5 /d2z (p‘i 2 Z),g +y2))2 . (2.2)

Moreover,

All non-singular solutions must have p = +1/7. Therefore we can separate the integra-
tions above in domains or “droplets” (D;) for which p = 1/7 (say) inside and p = —1 /7 out-
side. In this paper we will only consider a single droplet at the center of the complex plane.

The curvature radius of the azymptotic AdSs x S (R) is set by R* = Ip d*z/m.
Therefore, we can rescale all spatial coordinates by 2 — R?z? and we get an overall factor
of R? in front of the metric. Then, our area quantization condition is simply,

d*z
—=1. (2.3)
D T
This makes it easier to compare with the gauge theory. Finally, the energy of the solution

can be written as,
1

T nr

1

E = —
J 212

d?z|z|? — (2.4)



Before turning our attention to the Aichelburg-Sexl metric, lets recover the familiar
AdSs x S° and flat space. For the former, we need to consider a circular droplet of unit
radius. The integrations above give,

1P+ P - VA g2+ [22)? — A
22/ (1+y? +[2?)? — 4]z

(2.5)

Similarly,
fe y 42 -1
2/ (1+y2 + 22?2 — 422

Plugging these results back in the metric, and making the coordinate changes (z = re'?),

(2.6)

= sinh psin@ ,
= cosh pcosf , (2.7)
= gb—t’

a3

we obtain the standard form for the AdSs x S° metric:
ds* = R? {— cosh? pdt? + dp?® + sinh? pdQ3 + db? + cos® Bdp? + sin® 9dQ§] . (2.8)

Let us now obtain flat space. For this, we need to zoom in into the edge of the droplet.
We will do it by rescaling

Z2 ™ T 1 1

while taking the limit R — oo. We can then make the following coordinate change:

y = 11719, T9 = (r? — r3)/2. A careful expansion of the metric above gives,

ds® = —dx1(2dt — dzy) + di” (2.10)

where ¥ = 7{ + 75 is an eight dimensional transverse vector to the droplet. Note the
difference between this limit and the usual pp-wave limit. In the later, one does not rescale
the time coordinate and, instead, make a further rescaling 1 — x1/R.

From the metric (2.10) we clearly see the two null geodesics at the center of AdS:
x1 = const., and xy = 2t 4 const. Ripples on the boundary of the droplet following any
of these geodesics will be 1/2 BPS, but with opposite angular momentum on the S°. Let
us now focus on a ripple centered at 1 = 0. We can later boost this result to obtain a
particle along the other geodesic.

The ripple will be given by a fluctuation on the radius of the droplet:

Tboundary = 1+ 5T(¢) . (211)

The area quantization condition (2.3) implies,

2 / dodr(o) + / do [0r(¢)* =0 . (2.12)



To leading order in the perturbation, one can set the second term above to zero in most cal-

culations. However, for the energy (2.4) one needs to be careful. Using (2.12) in (2.4) we get,
1 2

Ex / do [57(0)] . (2.13)

Now we would like to localize the perturbation dr within the flat space patch near

¢ =m/2 (or x; = 0). Moreover, one would like to keep the energy E fixed as we take the

R — oo limit. To this end, we will normalize the solution as

471.3/2@
RV Y

4773/2\/E

RV

Here the function g(x) is zero outside the interval z € [-1/2,1/2], and A is some wavelength

or(¢) = [R(¢ —7/2)/A]

(21/)) . (2.14)

that does not scale with R. Moreover, the function g(x) is normalized such that,
1/2
/ dzlg(z)]> =1. (2.15)
~1/2

Using the area constraint (2.12), we also get

1/2 3/2
[ gy = 2E
~-1/2 R3V\

where in the last step we have taken the large R limit.

(2.16)

It is easy to verify from (2.13) that this perturbation indeed has energy F, once we take
into account the fact that we have rescaled the time as in (2.9), and hence the Hamiltonian
as Hyew = Howa/R.

Let us now derive the metric corresponding to this perturbation, starting with the
function f of the metric (2.1). We can write f = fy + %5}", where fy is the AdS space
result eq. (2.6). Similarly, V = Vj + dV, where V} is also the AdS space result (2.5). The
reason for the scalings with R will become apparent in a moment. For now, we just expand
the metric to linear order in the perturbations and take the R — oo limit with the change
of coordinates (2.9). The result is,

ds® = —dx1(2dt — dxy) + di* 4 6g11da? | (2.17)

where 5
Sgi = i(5V — 6V) — Z25f . (2.18)

Yy

Let us now study the form of these perturbations more closely. One can easily show
that, after doing the rescalings (2.9), the metric perturbation becomes:

2R3 A/2 R26r(x))
ogi1 = = i/ d90/1/ 1 da
™ J-)/2 0

1
e+ et - o)

—2
(1P B ) (g =y = (ot = 2P OW/R) . (219



We can simplify this expression in two ways. First let us note the identity

lim al = —2 lim R
R—oo (1 +[RG(7)]2)2  0Oe R—oo € + [RG(x)2| _,
0 1
- 5 G|
- ga(G(x)) , (2.20)

Moreover, from (2.14) we can see that R?6r ~ 1/R and so it is very small for zy ~

O(1). Therefore, using (2.14) and making the usual change of coordinates y = 779,

xy = (r? —13)/2, we get

4m)3E
dg11 ~ %@(wl) ; (2.21)
where we have defined,
1/2
ox(z) = / dz'[g(a"))?6(x — M) . (2.22)
~1/2

This is basically a delta function with support in an interval Az = A.
To summarize, we have found that for a perturbation of the unit disk of the form (2.14),
the LLM metric in the large R limit becomes,

ds* = —dx1(2dt — dxy) + di* + %&(ml)dﬁ . (2.23)
This is precisely the form of the Aichelburg-Sex] metric in ten dimensions [3]. Note that the
perturbation obeys the ten dimensional Laplace equation with a delta function source at
7= 0. This delta function is only an artifact of the limit R — oo. The full ten dimensional
solution is completely smooth even at ¥ = 0.

We can then see that for a 1/2 BPS perturbation with the opposite angular momentum
one can simply shift this result by x1 — 2t — x1. At the level of linearized gravity, we can
superimpose both waves and get a solution to Finstein’s equations. Of course, the solution
will not be BPS anymore. Moreover, the simple superposition is only valid outside the
region x1,2t — x1 > 0, where the colliding shocks start to influence each other. The full
solution inside this region is still not known. Therefore, this simple superposition is only
valid for the initial states of the collision.

The two shock waves will collide at ¢t = 0 and at 1 = 0. It is known that such head-on
collisions lead to the formation of an eight dimensional closed marginally trapped surface
with radius [3]

7| ~ BYT (2.24)

We now need to ensure that this classical calculation is not spoiled by high curvatures
near the trapped surface. This issue was discussed in [5]. For a single shock wave, the only
non-zero components of the curvature tensor are

0% (4r)*FE

or;or; |MS (229)

1
leil‘lj — _55)\(1.1)



All curvature invariants are finite unless at the precise location of the particle 7= 0.

For the two-wave superposition, one encounters a singularity at ¢t = 0,27 = 0 if we
take the limit A\ — 0. In fact, in this limit the only diverging curvature invariant is of the
form [5]

E2
2
(Ruvpo)” ~ A2 (2.26)
where we have taken into account the peak in the function dy(x). We can evaluate this
quantity at the radius of the trapped surface (2.24), and require: (Rup0)* < 1/13, 7] > A
and |7,| > l;. These conditions translate into

° g—l/QE—l/’Y CNL E1/7,
o EVT > g-1/4,

It is clear that for large energies these constraints are very easy to satisfy and they allow
us to take A < 1.

At this point, we would like to emphasize that in order to obtain the flat space limit
with a fixed string length, we cannot take the usual ’t-Hooft limit. That is, we do not
take g%MN = fixed. Instead, we take N — oo keeping g, small but fixed. Indeed, this is
basically the same limit one takes when studying pp-waves [10].

3 Initial states from N =4 SYM

In this section we will review the basic dictionary between the 1/2 BPS states of N = 4
SYM theory on R x S3, and matrix eigenvalue distributions. These eigenvalue distributions
can then be mapped to the LLM geometries studied in the previous section [8]. Using this
map it is easy to find the dual state to the Aichelburg-Sex] metric (2.23). Moreover, it is
straightforward to write a superposition of two shock waves.

The 1/2 BPS states of N/ =4 SYM theory are created with the zero mode of one of
the complex adjoin scalar field Z(t,), where Q € S3. The tree-level quadratic action for
this mode is simply

S:/dt T (1212 - |2P) . (3.1)

This simple model has been discussed in [11].
We can now introduce the usual oscillators. We start with the following canonical
commutation relations,

(@], @] =il [2)f, (L] = et (3.2)
where IT = Z ,and II = Z. The harmonic oscillator operators are defined as usual,

AT:%(Z—z‘f[), ;ﬂ:%(z_m), (3.3)



with
{Ag’ (AT)H = 0.0}, [ﬁf : (1‘1%] S (3.4)

Note that IIT = 1.

The Hamiltonian of the system is simply,!
H= Tr (ATA + ATA) . (3.5)

Note that these operators carry a single unit of the U(1) C SU(4) R-charge. The generator
for this U(1) is
J= Tr (ATA - ATA) . (3.6)

So we see that A has charge +1 and A has charge —1. This R-charge is dual to an angular
momentum along the S° in the bulk. Since [H, J] = 0, one can define a new Hamiltonian,

H =H-1J, (3.7)

which is naturally identified with the time ¢ in the LLM coordinates used in the previ-
ous section.

The (anti) 1/2 BPS states are formed by acting with only (Af) AT on the ground state.
In the time slicing (3.7), the 1/2 BPS states are time independent and the anti-1/2 BPS
have a simple time dependence where At — et Af.

Lets start by studying “coherent states” of the form,
t
/2 mes) ox e A0y (38)
We can also build non-BPS states that include two wavefunctions with opposite R-charge:

"l/]> x e TI'Ql(AT)e TI'QQ(AT)’0> ) (39)

In the dual string theory, these states will correspond to two gravitons at the center of
AdS5 and traveling in opposite directions along the equator of S°.

Although the state (3.9) is not BPS, as long as the gravitons are initially well separated
in the S°, one can treat each exponential as a separate initial 1/2 BPS state. This will
allow us to use the dictionary between the 1/2 BPS states (3.8) and the LLM geometries
developed in [9]. Let us now review this dictionary.

We can start by defining coherent states for the annihilation operator A. Namely,
Al\Z) = Z!|Z) and where the resolution of the identity takes the form 1 = [[d2Z]|Z)(Z|,
with [d?Z] the U(N) invariant measure over complex matrices.

The 1/2 BPS state (3.8) becomes,

<Z|¢> —¢ Tr Q(Z)/he— Tr|z|2/(2n) = ¢(Z)6_ Tr|Z)2/(2n) ’ (310)

"'We are ignoring the constant from normal ordering which gets canceled with the fermions in the full
supersymmetric theory.



where we have rescaled the Z matrix for later convenience. By going to an eigenvalue basis,
one can show that the normalization of this state is given by the partition function [9],

N
() o H/d2zi62j W (2,2))/ It 3 < j log |2i— 25 , (3.11)

where

W(z,2) = —|2]> + Q2) + Q(z) . (3.12)

It is well known that in the “classical” limit A — 0, one can use the saddle point
approximation and replace the sums in (3.11) by integrals over an eigenvalue density in
the complex plane [13]. This is the usual 2D Coulomb gas problem.

The “free energy” functional is,

Flp = — ; / P 2p(2)W / iz / 22 p(2)p()log |2 — /]2 . (3.13)

The saddle point equations are §F[p] = 0 subject to the constraint [ d’>zp = h~!. Using the
fact that log |z|? is the Green’s function in two dimensions, one finds that the density p is
locally constant with p = 1/(hx). The eigenvalues are then distributed over these constant
density droplets which can be translated to the LLM geometries. Compelling evidence for
this was specially given in [9, 12], where it was shown that one can recover a probe string
sigma model on a LLM geometry in the gauge theory by including a single trace “probe”
state in top of the 1/2 BPS state (3.8).

The energy of a 1/2 BPS state can be calculated by the free field theory Hamilto-
nian (3.5). Using the coherent states, the Hamiltonian is simply H = Tr(Z0Z), and it
acts on the wavefunction v (Z). Doing a partial integration in the Random Matrix Model,
it is easy to show that the energy of the state is given by,

1
2h2

11

F— PO
2r? K21

(Tr|Z?) — d?z|z* — (3.14)

1
h

This expression matches precisely with the energy calculated in the gravity side, eq. (2.4).
We can now take a potential of the form

= ezt (3.15)

k>0

It is known that for a single droplet the moments ¢ are related to the shape of the droplet
by [13]

1 dz —k
tp = — —Z . 3.16
K k ép 211 = ( )

For a linearized perturbation in the boundary of the form (2.11), the moments reduce to,

1 2

S 7 dodr(p)e ™ (3.17)



Therefore, we can find the gauge theory dual to the Aichelburg-Sex] metric (2.23). We

simply use (2.14) in (3.17):
Zkﬂ'/?/ d.%'g Zkl’)\/R . (318)
EV 1/2

The single particle state can now be written as,

1/2 '
\/ — X / dxg(x) Trlog (ie_”)‘/R - \/ﬁAT)
1/2

It is now very easy to write down the anti-BPS state which is located at the null geodesic
= L at t = 0. We simply shift © — 2 4+ L and replace AT — AT inside the log of (3.19).
The two particle initial state is simply the product of two such functions acting on the

= exp |0) . (3.19)

ground state as in (3.9).

3.1 The problem with single trace states

In this section we would like to point out an obstruction in constructing the Aichelburg-Sexl
metric using only single trace states in SYM.
Consider the 1/2 BPS state

an ( ) 0) . (3.20)

n>0

In the large N limit, this state has unit norm so long as,

S lwnl?=1. (3.21)

n>0

Of course, this is only valid as long as the amplitudes |¢,,|? decay sufficiently fast for
n > NMmax., where npa << N. This constraint comes from the fact that, for sufficiently

large n, the single grace states with different ns are no longer orthogonal.
The “free energy” functional that comes from computing the square amplitude using

coherent states is
Jeo (535)

1
Flp] = h/d2zp )|z[* — /d2 /dQZ'p ') log|z — 2'|* —log
n>0
(3.22)

The saddle point equation 0F[p] = 0 with the constraint [ d’>zp = h™! gives,

1
const. = ~ (—]2\2 + Ztkzk + h.c.) — /dQZ/p(Z,) log|z — 2|, (3.23)

k>0

2

where the constant comes from the Lagrange multiplier implementing the area constraint,
and the moments t; are given by,

o Iy,
b v
VE (f d%zp(2) >0 \/—%z”)
Ry,

SR ST (3.24)

,10,



In the last line, we have used the definition of the moments in terms of the eigenvalue
distribution, eq. (3.16). Moreover, at the linearized level, one can see from (3.17) that
top~ —t7.

One can then use (3.24) and the normalization (3.21) to solve for the wavefunction:

Ur = h Wty (3.25)
R =kt (3.26)
n>0

The last equality comes from the normalization of the wavefunction, and gives an extra
constraint on the moments of the distribution. Note that we did not have this constraint
with the exponential states. This new constraint is part of the problem. To see this, lets
construct a particular example.

Consider a perturbation 6r(¢) of the form (2.14) with

1 z€[-1/2,0)
g(x) x ¢ —1 xe€[0,1/2] . (3.27)
0 otherwise

Using the linearized form of the moments (3.18) one can easily finds,

4R [E sy . o kX
wk = —W ae k /2 Sln2 <E> . (328)

The normalization of the wavefunction gives a relation between E and \:

T
Alog2 *

~
~

(3.29)

To obtain this relation, one approximates the sum over k in (3.26) by an integral.

The relation (3.29) is not present for the exponential states studied above. Moreover,
we see that this is not compatible with the constraints studied in the previous section. In
particular, we want to take £ > 1 to have a macroscopic trapped surface. This means
that we need A < 1. In this case, however, the low curvature conditions would imply
X6/7 > g=1/2 which is not compatible with s/l ~ g~ 1/* > 1. Therefore, we conclude that
single trace states are not good enough to produce macroscopic black holes.

There is another problem with single trace states: the ten dimensional wavefunction
on the bulk is not well localized in the orthogonal directions to the shock wave. We show
this in detail in the appendix, by relating the single trace excitations to single particle
states in the bulk. However, one would like to understand this problem directly from the
gauge theory. So far we haven’t found a clear answer to this question. What seems to
be happening is that the saddle point approximation is not good when we use the single
trace states. That is, due to the logarimic term in the “free energy” (3.22), the eigenvalue
distribution has a lot of variance around the saddle point. It would be interesting to show
this by a numerical simulation as in [14].

Nevertheless, we know that this does not happen for the exponential states (3.8).
Indeed, we know how to compute the corrections to the saddle point in this case. This is
discussed in [13]. The leading correction is a smoothing of the density distribution p(z)

— 11 —



near the boundary of the droplet. That is, the density is not really a step function, but it
has an exponential decay at the edge of the droplet over a distance of order ~ /A (in units
where the circular droplet has unit radius). This correction is even present for the ground
state circular droplet. If we translate this to the flat space coordinates (2.9), this means
that the variation of the density occurs on scales of z9 ~ O(1).

Why don’t we see this effect in String Theory? The reason is that, the string scale is

very big I, = g~ V/4

compared to [, = 1, and so the string sees a step function to a very
good accuracy. Therefore, the supergravity solution captures only the average shape of the
droplet. This applies to general droplets. In other words, we only care about the shape
of the droplet and not its small scale structure along the edge. The shape of the droplet
will be accurately captured by the saddle point approximation as long as the variation of
the shape of the edge occurs on a scale A¢ > v/h. That is, we need a “long” wavelength
variation. In our case, we saw in the previous section that A¢ ~ 1/R ~ Y/t > V.

Therefore, we are allowed to use the saddle point approximation for the exponential states.

4 The strong coupling description

In the previous section, we have seen how to construct initial states in SYM theory which
are dual to high energy graviton collisions on the S°. However, this has been done using
only the weak field theory description. For the case of states with the same R-charge, this
description is enough since they are supersymmetric. However, when it comes scattering
processes, one is dealing with non-BPS states and therefore one needs to work directly
at strong coupling. In this section we argue that graviton scattering at non-zero impact
parameter should be described by a reduced quantum mechanical model of commuting
matrices along the lines of [7].

Lets begin by reviewing the proposal of [7]. One starts by studying the dynamics of
the zero modes of the six hermitean scalars of SYM, X% (a = 1,2,...,6). The classical
hamiltonian for these modes is given by [14],

6

6 9
1 1
Hor = Tr [ 30 S(DX)? + S(X°)? + ?T%[Xa,xb] (X%, X! (4.1)
a=1 a,b=1

On general grounds, one expects the size of the SYM ground state to be,
1 S8
~ > (0] Te(XX9)|0) ~ N, (4.2)
a=1

in the large N limit. Therefore, if we re-scale the scalar by X% — /NX? we see that
the commutator term in (4.1) will have an extra g3,,N factor in front of it. It then
makes sense that, in the large N limit (or in the large 't-Hooft limit), the lowest energy
fluctuations around the ground state should be described by a quantum mechanical system
of commuting matrices.

For commuting matrices we can go to an eigenvalue basis. In this basis we can define
., X%, where i =

a vector containing the eigenvalues of all the matrices, #; = (X}, .

- 12 —



1,..., N. The quantum Hamiltonian that follows from (4.1) in this basis becomes [7],

1 1.
H = <_ﬁvm2vi+ §|xi|2> , (4.3)

i

where

pr=111E - 217, (4.4)
1<)
comes from the Jacobian produced from going to the eigenvalue basis.
The wavefunctions must be symmetric under the exchange of the eigenvalues by gauge
invariance. Moreover, the measure in this basis becomes,

wiv = | [T#nter. (45)

We can get rid of the extra factor of ;2 in the inner product by rescaling the wavefunction
as 1 — 1 /pu. After this rescaling, the Hamiltonian becomes,

1 1 1
H = — Vi’V + |7
;( 2% il 1M+2|xl|>
1 1
=2 <—§V? +3 wz‘\2> + Verr (4.6)
i
where,

Veg:le(V,u)z

2p
xl_xk)
= —6 . 4.7
D FFE _x|2+ZZ 7 _x|2|x 7 (4.7)
1#] i j,k#i J

The ground state of this Hamiltonian is exactly known and takes the form [7]

Yo ~ pexp (—% Z If@-|2> : (4.8)

In the large N limit, this wavefunction leads to an eigenvalue distribution which consist of
an S° C R, The radius of the sphere was calculated in [15] and it is given by 79 = \/N/2.
This confirms the expectation (4.2).

Now we want to add the dynamics of the off-diagonal elements of the matrices, for
both the zero modes, and the higher spherical harmonics on S3. For this we follow the
prescription of [7, 15-18], and quantize the off-diagonal modes in the background of the
diagonal eigenvalue distribution. More specifically, one can derive an effective quadratic
Hamiltonian for these modes that looks like

offdlag ~ Zzw Oé) AT )j ) (49)

i#j o
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with

2
g 5 -
wgz) = \/ma + —2“\2/[ ]w, — ij . (4.10)

The operators A, AL obey the usual commutator relations for harmonic oscillators. The
collective index « goes over the different kinds of excitations (scalars of fermions), and
their spherical harmonic numbers. Furthermore, m, is their tree level mass, which is a
positive (half) integer for (fermions) scalars. The coupling to the eigenvalues comes from
the commutator terms in the SYM lagrangian.

Of course, with no supersymmetry one expects that integrating out the off-diagonal
modes will produce a non-trivial functional determinant that will badly modify the Hamil-
tonian of the eigenvalues. The assumption of [7] is that, given all the supersymmetry
of SYM theory, the functional determinants between bosons and fermions should roughly
cancel to leading order. It would be interesting to prove this rigorously.

Now, the proposal of [15-17] is that we should treat the #; as random numbers given
by the distribution of the ground state (4.8). Given the size of he ground state ro = y/N/2,
one can see from (4.9) that the off-diagonal modes will generically have masses of the order
Moff-diag. ~ 1/ g%MN , and will decouple in the large *t-Hooft limit, or large N limit.

It was first found in [15] that, using this approach, one could reproduce the energy
of the so-called BMN states to all loops in the ’t-Hooft coupling. Moreover, a picture
of semi-clasical “string bits” emerged which was later on confirmed in the classical string
theory by the so-called “Giant Magnons” of Maldacena and Hofman [19].

Now, let us suppose that we perturb the ground state by creating two waves of the form,

W~ e2ui M (Ti)+22; Qz(fj)¢0 ) (4.11)

Let us also suppose that each individual wave €, is “almost” BPS. By this we mean that,
if we had only one of them, the state would be very close to a BPS state. For example,
one can show [14] that holomorphic functions like 2 ~ ", tr2" are approximately BPS in
the sense that (H — J) ~ 0 in the large N limit.

Finally, lets suppose that the two waves create two density fluctuations in the eigenval-
ues 0p,(Z) that are both localized within a “flat space” patch. If we normalize the radius of
the S° eigenvalue distribution to one, we have seen in section II that the flat space patch is
located within an angular difference of A¢p ~ 1/R ~ N —1/4 The two density fluctuations
will be located within this patch. That is, their angular separation is ~ b/N 1/4 where b is
a fized number.

We can now ask: are there any light off-diagonal modes that can be excited? One can
divide the off-diagonal excitations into two categories. First, there are the “string bits” that
connect different eigenvalues within the same density fluctuation dp,. These should be sup-
pressed since we assumed that each individual wave is almost BPS. However, we also have
the string bits that join eigenvalues between the two different lumps. From the dispersion
relation (4.10), it is easy to see that these off-diagonal modes will have energies of the order

Ayl [ b \?
L~ 2
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However, we need to remember, that we are looking at small time scales and that we re-
defined our time coordinate by ¢ — t/R, and so the Hamiltonian by H — H R. Therefore,
the energy of the off-diagonal modes in the new time coordinate is Eof.diag > /90 = 1;2b.
To be able to ignore these modes, one would need to have large impact parameters so that
E < Eofi_diag, where E is the center of mass energy of the collision. This leads to the bound,

b>I’F. (4.13)

In the string theory picture, this is precisely the bound to create long strings [20]. It
is interesting to reproduce this bound from a gauge theory perspective.

However, to create black holes one needs b ~ |7,| ~ FEY7 which is much smaller
than (4.13). This seems to suggest that the matrix model can only capture graviton
scattering in the Born approximation. Nevetheless, there is evidence that stringy physics
does not play a role in the formation of the black hole [20, 21]. It might be that the matrix
model is good even for impact parameters lower than (4.13). In any case, it would be
interesting to even recover the 1/r? gravitational potential from the matrix model.

Now let us explain in a bit more detail, how one should attack these problems. First, of
all we need to learn how to write down well localized initial states using the SO(6) matrix
model. The guess would be that one can take the same ) that we used for the single matrix
model in section III. This needs to be checked in more detail. In particular, one would
like to see if the resulting density fluctuation (for a single graviton) is indeed localized as
desired. This might involve the need of numerical simulations as in [14].

To control the impact parameter using our formalism, one can start with an holomor-
phic wave of the form Q ~ 7, t12" (and the corresponding anti-holomorphic one), and
perform a rotation of the coordinate z. This will take one of the geodesics off the equator.
Then, by controlling the initial angle from which we start our lumps, one can arrange
an initial state with two lumps that, after time evolving, will miss each other by a finite
impact parameter.

Finally, one needs to solve the time evolution of the density lumps dp, using the
Hamiltonian (4.6). Note that this is a non-trivial N-body problem. However, one expects
some simplifications in taking the large N limit.

5 Conclusion

In this paper we have made a first attempt to carefully define initial states in SYM theory
that, under time evolution, are dual to high energy graviton scattering in the bulk. The
basic approach has been to concentrate on the zero modes of the SYM scalars, which are
dual to excitations that are located at the center of AdSs, but carrying angular momentum
along the S°. We have given a dictionary between gauge theory states and linearized LLM
geometries. Furthermore, we have shown how to obtain the Aichelburg-Sexl metric in the
bulk, and how to superpose two such shock wave to produce a classical trapped surface.

We have also paid special attention to suppressing stringy effects in the bulk, by
producing a smoothed-out version of the shock-wave geometry. Finally, we have given
evidence that scattering of gravitons a finite impact parameter is described by a reduced
model of matrix quantum mechanics.
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There are many interesting question one can try to answer along these lines. First, one
would like to learn how to construct the bulk wavefunction dual to the exponential BPS
states (3.8). For single trace states, the dictionary is discussed in the appendix. However,
for these states, we showed that the wavefunction is not well localized in the directions
orthogonal to the propagation of the particle. We argued that this is not a problem for the
exponential states based on the validity of the saddle point approximation in the Random
Matrix model. Nevertheless, it is very desirable to have an actual wavefunction in the bulk
to make an explicit calculation.

Another interesting avenue of research is the study of gravitons scattering using the
reduced matrix model studied in the previous section. In particular one would like to
understand how to time evolve density fluctuations dp in the eigenvalue distribution. Ac-
cording to the arguments given above, we expect that such scattering processes will capture
the physics of graviton scattering at large impact parameter in flat space. It would be very
interesting to confirm this.

The reduced matrix model could also help to answer the question about the wavefunc-
tion localization. For example, one can study the a holomorphic wavepacket of the form
exp(>2; Y4 tkzF) and use the full SO(6) eigenvalue measure to study its spread along all
the directions on the S°. This will require the use of numerical techniques such as in [14].

It would be very interesting to understand how to calculate the finite time propagator
(11(t)]1p2(0)) in the matrix model. In fact, we expect that for short times ¢ ~ 1/R, and for
density fluctuations localized within an angular distance A¢ ~ 1/R, this computation will
give us the flat space S-matrix. One can then start to look for signatures of the black hole
formation. In particular, one expects that these amplitudes should behave like

(G1()[1h2(0)) ~ eS8~ e BT (5.1)

for large energies E [22]. Finally, note that the small black hole has a finite entropy Spg ~
E8/T in the large N limit. Therefore, the matrix model (even without the off-diagonal
excitations) has more than enough degrees of freedom to account for its microstates (I
thank Rob Myers for pointing this out).
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A The ten dimensional wavefunction

In this appendix we study the relation between the single trace wavefunction (3.20) in SYM,
and the ten dimensional wavefunction in the bulk. The main conclusion is that the single
trace states lead to wavepackets that are not well localized in the direction orthogonal to
the propagation of the graviton.
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To find the ten dimensional wavefunction, we need to linearize the LLM solutions,
and quantize the fluctuation around AdSs x S°. Fortunately, this was done in [23]. Their
parametrization of the edge fluctuation 07 (¢) takes the form,

or(¢) = ane™®, (A1)

where a_,, = a,.
After quantization, one finds that the Fourier coefficients a,, obey the commutation
relations (after proper normalization),

[, al] = 16p.m - (A.2)
This is very similar to the expectation value,
(0[A™?2 TrA™h™/2 Tr(AH™|0) = ndym - (A.3)

Therefore we can identify,
al |0y ~ Tr(AH)"[0) . (A.4)
The metric fluctuation in global coordinates looks like [23],
59 ~ ZCnYnSn s (A5)
n#0
where ¢, are constants, and

1

Y, = (¢t coslnl g Sp X —————a
n ’ n COSh‘nl P n

et (A.6)

The important point here is that these modes satisfy the ten dimensional Laplace equation:
V2 (snYn) =0 . (A7)

Therefore, they provide a position representation of the wavefunction corresponding to the
mode a},|0). In other words,
(Z10]ah]0) ~ 5,Yy, . (A.8)

Using the identification (A.4), we see that the modes s,,Y, also give ten dimensional
interpretation of the single trace states in the gauge theory.
Let us now define the normalized modes,

On(Z) < s,Yy (A.9)

so that
/ OpPm = Onm - (A.10)
5

Here, ¥ is a constant time surface. More explicitly,

Vi D +2)2n =10 —3)cos"0 in

On cosh™ p

(A.11)
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There is a subtlety with the n = 1 mode which is not normalizable. In the LLM
picture, this mode corresponds to a translation of the droplet in in the complex plane.
We can set this mode to zero by translating the droplet. For example, shifting the whole
droplet by a complex number a, the moments change by

tp =t +a*0p1 — a(k + )ty + O(a?) . (A.12)

Since the moments that we are considering are very small, we can just set ¢ = —t; and
get rid of this mode. The other modes will not be changed to leading order.
A general normalized wavefunction is,

Y(E) = nda(d) (A.13)
n>1
with
> fpnl*=1. (A.14)
n>1
Given the relation between the bulk and gauge theory states (A.4), it is natural to iden-
tify 1, above with the corresponding coeflicients used in the single trace gauge theory
state (3.20). Let us now use the example studied in the previous section.
To study the spread of the wavefunction, is is convenient to make some coordinate
transformations. Using the coordinate change (2.7), the rescalings (2.9) and the relation

cos @ = r one can easily show,

cos 6 72

~
~

1o
cosh p 2R2

where 7 is the eight-dimensional vector transverse to the propagation of the graviton.

(A.15)

Therefore, the probability density in a spatial slice X is,

2

2A\" s
(@) * ~ 77> e/ (n+1)(n+2)(2n — 1)(2n — 3) x (1 ) en? (A.16)

o 2
k>1 2R

Here, we have included the measure for the eight transverse directions.

We can now look at the example studied in section III. Namely, the wavefunction
given by eq. (3.28). After integrating out the & coordinate, one finds that the full wave-
function (A.16) is peaked around |7] ~ v/R, with a spread of similar size. This is way too
big! Therefore, we conclude that this kind of wavefunction cannot localize the graviton
within the flat space region.
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